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1 Introduction

Notation (definitions in a while)

Ff; ; — the usual Lizorkin-Triebel space

S,,qF — the Lizorkin-Triebel space with dominating mixed
derivatives

SZ’?F — the logarithmic (or refined) Lizorkin-Triebel space
with dominating mixed derivatives

r instead of 7 if all components of 7 are equal, similarly for «



Our general concern:

Properties of Sobolev and more general spaces of weakly
differentiable functions, when we neglect some of the deriva-
tives

Specifically: We will be concerned with
e limiting imbeddings

e inequality of Gagliardo-Nirenberg type for Lizorkin-Triebel
spaces with dominating mixed smoothness and logarith-
mic tuning,



2 Spaces and their reduced variants

F and F~1 the Fourier transform and its inverse, resp.,

S(IR™) the space of rapidly decreasing C* functions on IR"
and S’(R") for its dual, the space of tempered distributions

Let g € C®(RN), 0 < ¢p(x) <1, gp(x) = 1if |x| < 1, and
@o(x) = 0if |x| > 2. Put

P1(x) = @o(x/2) = ¢o(x),
pi(x) =127 %),  j=23,....
Then ZQOZO q)]-(x) =1, x € R",
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The system of functions {¢;} is the smooth dyadic decom-
position of the unity in R".

The usual Lizorkin-Triebel space Pf; g
Let0 < p<o00,0<g< o0, 7€ER,

|FIES || = H (}i@ 2 F gy f] (,)”1>1/’1|LP||

and
F,(R™ x R") = {f € S'(R" x R") : || f|F} 4|l < oo}

Connections with the “classical”’ spaces:
F;;”Z(IR”) = W, (R") if 1 < p < oo, m e Nj.



The Lizorkin-Triebel space with dominating mixed deriva-
tives and logarithmic tuning (for the special splitting R " =
R™ x R™):

{go]-(x)}}’io and {wj(x)};?‘;o be a smooth dyadic resolution of
unity in R™ and IR", respectively
0<p<oo,0<g<coo,7=(r,r) € R &= (x,a)

We put

Hf‘S;’gFH — H <Z Z ’2j7”1+kr2(1 _I_]')Dcl(l —I—k)m
=0k=0

F {QD]'@lij:f} (-)|q)1/q‘LPH



and
SHaF(R™ x R") = {f € S'(R™ x R") : || f|Sy4F| < oo}.

If x = (0,0), we get the usual Lizorkin-Triebel spaces with
dominating mixed smoothness.

Note that
SpoF(R™ x R") = S;W(R™ x R")
= {fcS'(R"xR"):
DYD]f € Ly(R™ x R"), |B| <1, [7] < 55}
if 5= (s1,5p) € NZand 1 < p < co.

More general setting: p and g can be vectors.



References:

The Fourier analysis theory of S%ql—“ developed in 1980s
(Schmeisser). The idea of such spaces goes back to
Nikol’skii.

The logarithmic variant: Farkas and Leopold (2006), Triebel
(2009, the case a1 = ap), Seyfried (2009, 1 < p < oo,
1 < g < o0). For rq,rp > 0 the above spaces can be charac-
terized by means of differences as spaces with logarithmic
smoothness (Seyfried 2009).

Lizorkin and Nikol'skii (1990)—spaces with more general or-
der of smoothness.



One classical prominent example of spaces with mixed
derivatives—R. A. Adams 1986:

Let M = (Déi]'), 1 = 1,...,C(N,k), ] =1,...,N, be a matrix
whose entries are 0 or 1; given 1 < p < oo assume that
2].1\;1 aji =k, 1 <k < N/p, C(N,k) is the number of all such
rows (the respective combination number). Denote the rows
of M by K.

Then
Wy = {f € L, : D"f € Lp, a;is arow of M}

Is the reduced Sobolev space.
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Adams proved that under the above assumptions

. 1
WML, with =1 K

Further reductions are possible.

Suppose it is possible to choose from M a square submatrix
such that all the sums over columns are the same and equal
to k, i.e. to sums over the rows (the order of smoothness).
Then the Sobolev imbeddings holds again (1 < p < o0, kp <
N).

It is tempting to call such matrices magic squares.
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More generally, magic squares are square matrices, where
sums over rows and columns are the same; possibly they
have also some other puzzling properties. Historicians say
that they attracted attention of curious people already in
China, 3 000 years ago.

Being in Germany we make a short excursion into German
Rennaisance.
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Albrecht Darer
*May 21, 1471, Imperial Free City of Nlrnberg
T April 6, 1528, NUrnberg
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A real mathematics came much later: Birkhoff-von Neumann
theorem on doubly stochastic matrices.

A square matrix is doubly stochastic iff it is a convex com-
bination of permutation matrices. Permutation matrices are
exactly all extremal points of the set of doubly stochastic ma-
trices.

It is, however, not the end of possible reductions. If one can
omit some rows in such a way that sums over columns are
the same and the smoothness is a integer multiple of these
sums, then the Sobolev imbedding holds again.

Probably there is no algebraic machinery behind it (repre-
sentations for “parts” of doubly stochastic matrices) or it is
well hidden in some abstract theories.

18



An imbedding theorem for very general spaces with general-
ized (Liouville) derivatives

Magaril-1l'yaev, 1986.

A scheme of using it will follow, demonstrated on an example.
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3 Limiting imbeddings via Fourier analytic approach

Our interest in this section: contribution to limiting imbedding
theory for spaces with dominating mixed smoothness. Re-
sults are scattered in various journals. Major references for
joint papers with H.-J. Schmeisser:

_imiting imbeddings. The case of missing derivatives.
Ricerche Mat. XLV(1996), 423-447.

mbeddings of Brezis-Wainger type. The case of missing
derivatives. Proc. Roy. Soc. Edinburgh 131 (2001), 667-700.
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Refined limiting imbeddings for Sobolev spaces of vector-
valued functions. J. Funct. Anal. 227 (2005), 372-388.

Critical imbeddings with multivariate rearrangements. Studia
Math. 181(2007), 255-284.
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Let us consider the archetypal case N = 4, k = 2, and

M ={(1,1,0,0),(1,0,1,0),(0,1,0,1),(0,0,1,1)}.
Let f € W2(R?) be a C* function supported in the unit ball.
Then, using just real analysis means, one can show that

| F1Lqll < cqll /W,
whereas in the isotropic case,
1/2
|£1Lgll < cq* 21 FIW3],
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Recall that such asymptotic estimates are the usual way how
to prove that a function is exponentially integrable.

If fis a function W5P(Q)), where Q ¢ RY is a bounded do-
main with a smooth boundary, 1 < p < oo, and kp = N, then
fisin the Orlicz space Ly (Q) with &(t) = exp N/ (N=k) _1,
The last fact can be expressed in terms of the asymptotic be-
haviour of Lg;-norms of the function k; it reads here

1—k k
JulLqgll < cq" ¥/ M| FIWEP

For unbounded domains one has to modify suitably &.
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Let p = (p1,---,m), G=(q1,---,9m), F = (r1,...,rm) With
O<p]'<O0,0<c]]-§00,and—oo<r]'<oo,jzl,...,m,
then

o (i)]
SEBR™M x -+« x R"™) = {f € &'(RN);
| £1S,zBIl = 1297+ Hhrm gk ()| Lplegll < oo},
(if)
SEF(R™M x -« x R™) = {f € S'(RY);
|£IShgFll = |2t () |€p|Lgl| < oo}
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3.1 Theorem. Let 1 < p; < g; < o0, 1j = n]-/p]-. (j=1,...,m).
If2 < p; < pp < -+ < py, then there exists a constant c
independent of g and f such that

IfILg(R™ x - x R )|
= 1-1/p; 7 1y n
SCEEI]- 1£155 5 F (R - X RE)|
forall f € S’;ZF(]R’”I1 X+« x RMm),
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Let

fi(@) = [F N oFNIE) j=12...,

Let0<p§oo,0<q§oo,s€lRl,oc€1R1,then

By = {Fe s’ 718"

_ (i 2% (j + 1)‘“q\\ff<X>|Lp”q)1/q - °°}

j=0
(with the corresponding modification if g = o).
(Leopold 1998.)
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Our interest: the spaces ngﬁ), o« > 0, the logarithmic Zyg-
mund spaces, defined by

B0 — ) — {re s 71|
A2 f(x)|Loo
~ fiLel+ sup —on Nl
h|<1/2 |k _log (1+W)}

< 0
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Lipschitzian counterpart of these spaces:

For &« > 0 we define the logarithmic Lipschitz space (of order
«) Lip(1,a) as

Lip(1,a) =

/\

f€C: [ fILip(1,a)]
A f(x)|Loo
f‘LooH‘F sup _ hf( )‘ 1” _
[h|<1/2 |h] _log (1—|—W)}

For f € Lip(1, «) we also talk about the almost Lipschitz con-
tinuous functions if there is no need to specify the particular
value of «.

< o0
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W;Z?\] /P le(Q) (0Q) sufficiently regular) is imbedded into any

Holder space C*(Q)) with 0 < a < 1. On the other hand,

functions in W;Z?WPH(Q) need not be Lipschitz continuous.

Bréezis and Wainger:

_ N/v+1
F(x) = f(y)| < Clx —yl| log |x —y| 1-1/P| flw, " P,

X,y € RN x—y| <1/2,
(3.1)

for functions in Wéwpﬂ, 1< p< oco.
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We shall survey some of the results.

A rule of thumb: Neglecting a proper subset of derivatives in
the sublimiting situation does not affect the Sobolev imbed-
ding, however, norms of imbeddings increase, which in turn
gives a worse exponential integrability in the limiting case.

Sickel and Triebel 1995:
N/p+1 1
qu/ 1 — B g
N/p+ 1
"y — Boop/
and also
By — C' (or Lip1)

ifand only if 0 < g < 1.
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3.2 Theorem. The following imbeddings hold:
(i) If1 < g < oo, then
Beg — Lip(1,1/4").
(ii)) If 0 < & < o0, then

BU) < Lip(1,a).

In our terminology the imbedding theorem due to Brézis and
Wainger reads

N/p+1 :
szp — Lip(1,1/p’).
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Further definitions—we shall restrict ourselves to the special
splitting RY = R x R"2,

We put p = (p1,p2), 1 = (L1),2 = (2,2), 0 = (00,00),
0= (O O) = (x1,x%) with x! € R™ and x? € R™, etc. Let
{o(C ) °pand {(¢ 1)}]?“’:O be a smooth dyadic resolution of

unity in ]R”1 and R"2, respectively. For f € S’(RYN) we put

fix(x, x%) o= [F i )@ Ff1(x', %)
(7,k=0,1,...).
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() Let p = (p1,p2), § = (91,92), 7 = (rq,12) with
0 < pjq;,<o,r; € Rl (i=1,2). Then

LiBR" X R™) = {f € S'(RN) : ||£|S] ;B

_ +1ok 1 .2
T Hzrl] 2 f],k(x X )’Lpl\xl’Lpz\x2’£q1|]|€q2\kH < OO}
and

SB

i

FRMxR™) = {f € &'(RN) : || f|SB}
= |27 (e, 22) Ly [ 1L 2 [€gil | < 003
(i) Let additionally 0 < p; < co (i = 1,2). Then
PR X R™) = {f € S'(RN) : [|f[Sh4F|
= |27 (2, %) |6 iy Ly 3 Ly 2] < 00}
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The previous claims can be generalized to mixed norm
setup.
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A diagram for the BW-imbeddings

Wi/ = (A=E)"12W,, ~ (B=E) V2WR e = Wi
BioN/m = (A_ 1/ZBSON/m 1/2SE>)C>Z\7/711B
. \
(N—m)/N)
Lip(1,(N—m)/N) ooN/m
\ ﬁ>2Lﬁm

L1p

ﬁ/

Lip(1,
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4 Gagliardo-Nirenberg inequalities

Natural interest in other relevant relations between the
norms.

Brezis and Mironescu proved in 2001 that

|FIES (R < [1f1Ep) g, (RM [1f1E52 (R (41)

provided that 0 < q,91,92 < 00,0 < 0 <1, % —
s =0s1+ (1—0)sy.

0 1-—6
E -+ W’ and
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If we pass to spaces with dominating mixed smoothness
S;qF(]R”), the situation unfortunately and also rather sur-
prisingly changes.
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Hansen proved in 2009 that

1155 gF(R)I| < el £153) 4 FR™) | £1555 4, FOR™) [~

(4.2)
|ff
0<6<1, 1zﬁJrﬂ, s =0s1+ (1—10)sy
P P1 P2
(4.3)
9 N q2

The problem is what happens with inequalities of type (4.2)
for refined spaces with dominating mixed smoothness with-
out the last condition in (4.3).
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First let us observe that inequality of type (4.2) can be proved
just with help of Holder’s inequality provided equality is sup-
posed in the formula for g.

4.1 Proposition. Assume that 0 < pq,pp < 00,0 < 1,42 < o0,
i, € R%,0<60<1,B7cR? Let
1 6 1-6 1 6 1-6

p o P2 4 @ 9

and
F=00+(1—-0)0 a=60B+(1—0)7.
Then
IfISHF(R™)|| < CIIf\Sa’B F(R™)[|? || f1Sp,r,F(R™)||1 0
Pq — P11 P2 q> y

(4.4)
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Proof. Let us write
fix(0) = F g0 pFfl(x),  x€R"xR", (j,k) € Nj,
and
aj6(x)] =[R2 (1 4 ML+ R f ()
. 0
= |2/ttRuz(q 4 P k)ﬁzf]-k(X)‘
2R (1 4 f)N(1 4 K) P ()]

= bji(0)[’lejic ().
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Then the claim follows by repeatmg application of Holder’s

inequality with % 0 —|— and L _

9

Indeed,

VAN

VAN

(L) |a]-k<.>|q)”qu,,H

j=0k=0

ZZ\% )[09] ()10
(2 |

j=0k=0

j=0k= 0

(Z Z i () |‘“>9/q1 (}i) i |

1—-6
T

"

(1-0)/42
c]-k<.>|qz)

\LPH

k
{bﬂ«<->}|Lm<fql>ueu{cjk<.>}\Lp2<€qz>u1—9.
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We get two consequences:
Choosing 8 = 0 we obtain

1,0 7 . 1
IFISFFFI < clfISheoFll 1w —.
Further,
IF1SEGFR™M) || < cll f1Sh, oF (R™M)||7 £S5, coF (R™) |1
(4.5)
holds for 0 < g < oo, @ = (aq,ap) With a; < —1/g (i = 1,2),
and 1 6 1-—6
—=—+— T7=0i+(1-0)7,
P P1 P2

which is inequality of type (4.1) for spaces with dominating
mixed smoothness, where we pay some logarithmic price.
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Let now u;y = u» = u and v; = v, = v. Then the above
estimate (4.5) can be improved with respect to «.

4.2 Theorem. Let 0 < p1,pp < o0 (p1 # p3), 0 < g < oo,
u,v € R, and let

r=0u+(1—0)v, 1:9—|—1_9.
P P1 p2
Then
—1/(2 _
1£1Sp POFRY)| < |l 1S, oF (R™) (| £1S5, o F (R™)[|1

(4.6)
forall f € Sy F(R™ x R") NS o F(R™ x R").
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The proof cannot be reproduced here. The first main ingredi-
ence is the following remarkable estimate due to Brezis and
Mironescu:

4.3 Proposition. Let 0 < 0 < 1,0 < g < oo, andr = Ou + (1 —
0)v. Then there exists ¢ > 0 such that

R T e

The second key point is inequality, expressing a fine balance
for diagonal sums:

Y )R~
k=1

with equivalence independent of ¢ € IN.
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4.4 Remark. We can replace fj(x) by (1 + j)*(1 + k)" fjr(x)
with arbitrary « € IR in the above considerations. Hence un-
der the assumptions of Theorem 4.2 we get

||f’ r(x 1/( 2q>F(lR””><]R”)

0
< ||fysg;€§oF(Rm « R")

S, eoF(R™ x R™)

for all f € Spi'F(R™ x R") N S oF(R™ x R™) and arbi-
trary real a.

No relevant results of this sort for the reduced spaces (except
the easy case p = 1).
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